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Abstract

Letf be an absolutely continuous function @ 1] satisfying f’ € Lp[0,1], p>1, Qy-be the set
of all rational functions- = s/¢, wheres andq are polynomials of degree n. We prove: if fis a
monotondunction on[0, 1], then there is enonotoneational functiorr € Q,,, such that

c(p)
If =rleons —=IflL, 01, n=12 ...
© 2005 Elsevier Inc. All rights reserved.

Keywords:Monotone approximation; Rational approximation; Shape-preserving approximation

1. Introduction

Let P, be the space of all algebraic polynomials of degree at mashdQ, be the set
of all rational functions- = 2, wheres, g € P,. The error of the best uniform rational
approximation of a continuous functidéon [0, 1] is defined by

P, (f)=inf || f—rlicro-
reQ,

Let A! be the set of all monotone continuous functiong@rt.]. For fe Al we set

PP =it If=rlcpw,
reQ,NA
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the error of the best monotone rational approximation. The estimatgs fafr Sobolev
classedV;, were obtained by R.A. DeVore, A.A. Pekarskii, P.P. Petrushev, V.A. Popov and
others (see e.g§b]). Some analogs of these estimates in the shape-preserving approximation
are obtained in [1,6], however it seems that no exact results are known until the present
time. In this paper we solve a problem raised by R.A. DeVore in several lectures during the
last 15 years. Namely, we find the exact order of monotone rational approximation for the
Sobolev cIasseW[}. Recall that a functiog € L,[0.1], 1< p < oo, if

1 1/p
lgllp = (/0 |g(x)|”dx> < +oo.

Our main result is

Theorem 1. Letl < p < oo, and f be an absolutely continuous function[0n1], satis-
fying f’ € L,[0, 1].1f fis a monotone function of®, 1], then

c(p), .
PP < ZENf Iy =12 @
wherec(p) is a constant depending only on p.

If p =1, then for any sequeneg>ey, ..., lime, = 0 there is a monotone absolutely
continuous functiorf such that| /|1 <1 andp,ﬁl)(f) > &,, see [4, pp. 241-242]. For
p = oo already the approximation by monotone polynomials of deg¢@eprovides (1)
[3]. Finally, note that for eaclh € N there is a functiorf such that|| ||, = 1, and
satisfying the conditions of Theorem 1, and for which the opposite to inequality (1) holds.
To construct a corresponding example one can easily modify the arguments of Theorem 7.5
in [4]. Namely, the functionf,+1(x) + x provides the required estimate for eacle N,
wheref, is defined in [4, p. 240].

In Section 2 we prove some auxiliary results, in Section 3 we prove Main Lemma and in
Section 4 we prove Theorem 1.

2. Auxiliary lemmas

We will prove Lemmas 1-6 for each fixed pair,n € N such thatm is even and
No<m < n,whereNg is an absolute constant, large enough. Naméjyis a number such
that the last inequalities in (9), (10), (16), (17), (19), (20), (36), (52), (57) and (58) hold.

Lemma 1. The polynomial
3n

T,(x) =Y (~Dfn#Ht

k=0

(2k 4 1)! @
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of degreebn and the number
1
A=A, :=/ T (x)dx
-1

satisfy
1 <sm nx) ng’"(x)gz(S'n nx) Cxe (O, §]
2 X X n

1 1 2
") dt< ———, =1,
/x w (m — 2)xm=1 xe[n }

m—1

A> n ,

1
2m
A<6nm L,
Proof. First we expand the function

sin nx

g(x) =

(g(0) := n) in the Taylor series and get

o0 k. 2l 2k 00 n2k+l
lg(x) = T (x)| = (—Dfn*H ——— | < -
’ k=§+l 2k + 1t k=3n+1 (Zk+ Dt
oo 2k+1 oo
C 3 RS e
2k+1
k=3n+1 (Zk + 1) k=3n+1

<276y [—1,1],
where we used the inequality > (n/3)". Sinceg is decreasing oKD, r/n],

() >g@3/m) =n 23

>1, xe€(0,3/n].

Hence, forx € (0, 3/n],

7200 =8 _Ta() _, | |Ta(x) = g()]
g(x) Sogx) g(x)

that implies (4). Then, (8) yields

1_2—6n<1_ <1+2—6n’

1
IT,(x)|<=+2"%  xe(1]
X

®)

(4)

®)

(6)

()

8)

©)
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Therefore, forx € [2/n, 1],

1 1 1 6 m 1 1 27611
/ T (t)dt < / <? +2- ") dt < / o + 2" pr dt
X X X

1 N o 1
S m— Dm0 (m—2)xm=2 " (m — 2)xm-L

which is (5). Now, to prove (7) we represehtn the form
1 2/n 1
A :2/ T, (x)dx :2/ Tnm(x)dx+2/ T, (x)dx.
0 0 2/n
Hence (8) and (5) imply

nmfl
<6n" 1.

2 m
A<2- = 2761 2. —— <
n (n + ) + (m —2)2m-1

Finally, we again applyg) and get

miln m % 1 m
A> f (g(t) - 2—6") dt> / (mn sin— —2—6") dt
0 0 m

1 1 m 1 1\" 1
=—(mnsin=—27%) -~ — .pm(1- ") > _—p" 1
mn m mn 3m?2 2m

which is (6). Lemma 1 is proved.[d

Lemma 2. Let7,, and A be defined by Lemmaand denote

- k. 2k+1 x% om+1. 2m 2 an
P,(x):= —1yfpehtt - pamtly (—) ,
*) kX:(;( ) 2k + 1)! 5

a polynomial of degre@m. Then the following inequalities hold:

2
0L Pr(x)<Th(x), x€ [07 _:|’
n

2 [Yye 29\"
X/(; P&"(x)dx}l—l&n(%) ,

2 [x 2
< / P (1) dt <m™(nx)?"FL, x € [—, 1}
A 0 n

and

2
2 [* 1 /2\>" 2 3
A/(; () dt 3 <5> (nx) , x€|:n, ]

57

(10)

(11)

(12)

(13)

(14)

(15)
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Proof. We have

2m 2k
Tp(x) — P (x) = n?mF1y2m <g> Z (—1)kn 2+ 5 x

5 k=m+1 k+ 1)'
2 2m x2k—2m
=n2m+1x2m (g) Z ( 1)k 2k—2m (2k+l)'
k=m+1
Forx € [0, 2/n] this yields
et (2 < 2%
T, — P, > ! — — | >0 16
n(0) = P (x) >0 (5) ,;1 2k + 2m + 1)! 4o

and

2m 2 an .
T, (x) = Pu(x) < 2 n<<§> g 2k+2m+1),>
2m
< 2n<g> <Th(x), (17)

where in the last inequality we applied (4). Taking into account (16) and (17), we get (12).
Then, (4)—(7) and (17) imply

2 (Vem
1- 2 /(; P (x)dx
1

2 1/(2n) " om E "
= (T)"(x) — P (x)) dx + T (x)dx
A Jo A Jiyen

2 [ /@ m—1
== ( / (T (x) = Pu(x)) Y TX(x) P (x) dx
0

A k=0

2/n 1
+/ T, (x) dx+f T, (x)dx
1/(2n) 2/n

4 @) g\
< nm_”—ll </(; 2 <§> n ~anm_1(x) dx

+2 2@nsin1/2m + G
2n (m —2)2m-1

am [ [ 4\?" 29 nm=1 29
< _ _ . . 2 m—1 m—1 - < l
=1 ((5) m- 20" 3n (30) + 2m—l) 6m(30> ’
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which is (13). The evident inequality
| P ()] < mn®" 162" x € [2/n, 1], (18)
(6), (12) and (3) imply, fox € [2/n, 1],
2 X 2 X m
Z | Prydr <1+ = 2n+1,2m ) gy
A/o n® T 2/,,(’"" )

x2m?+1

4m 2’,”2_,’_
<1 nmil-mm-n m2m2+1
mm(nx)2m2+l’
which is (14). Finally, forx >11/(4n) we have

2m
|P (X)| > n2m+1 2m g i 2k+1 *
(2k + 1)!

() %(f1>2m i)
p2nt m((i)zm_%( N )(4)2”‘2>
1 p2n L 2m (g) _ (19)

Thus, (7) yield forx € [3/n, 1],
X X 2’" mn
Ef P (r)dt > E/ }n2m+1tzm 2 dt
A Jo A J11yan \ 2 5
_2 a2\t (1)
~ enm-1 27 \5 2m2+1\* an

1 /2\2"°
> 5i(5) mom 20

which is (15). Lemma 2 is proved.O]

We denote by

R, (x) = Y = N=X) 21)
N(x) + N(—x)

the Newman rational function, where

N(x) := n(x +d) and a:= e~ Nm,
i=1
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To prove the following Lemma 3 one need a minor improvement of the (7) in the paper by
lliev and Opitz[2], namely, that

1
—— <2
et

for sufficiently largen.

Lemma 3. The functionR,, satisfies

11— Rp(x)|<3e V™, xele V™ 1], (22)

R, (x)=0, x¢€l[0,e V"] (23)
and

IR, (x)|<16m*?, xec[eV" c0). (24)

Put

b := 32m3/2e=Vm/2 (25)
and

N Ry (nxe VM2 4 bnx

R = 2

O ) 1 b (20

whereR,, defined by (21). Lemma 3 implies the following
Lemma 4. The rational function®,, is odd and

~ ~ (1

n

R, (x)>0, xe[0,1], (28)

. 3b —vm/2

Ruw<—w,xe[e ,}, (29)

2 n
o 3b 1 1
Rm(x)<1+—n<x——), xe[—,l], (30)
2 n n
[ eVm/2 3b
Ron (‘” )21——. (31)
n 2

Proof. The functionR,, is odd, sincer,, is odd by its definition (21). Equations (27)
readily follow from the definition (26). The estimate (22) yieRls (e~ v"/2) + b >1. This
inequality, (24), (25) and the identity

ne—~m/2 (R,/n (nxe vm/2) 4 321713/2)

Ry (e=v™/2) + b

R, (x) =
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imply (28) and (29). Finally, the estimates (30) and (31) are consequences of (27) and (29).
Lemma 4 is proved. OJ

Lemma 5. For the odd rational function

ézn(x) 2 .
Hypm(x) = —— — — P , 32
= =2 [ o ar 32
the following inequalities hold:
1
Hl‘l,n’[(x) < 15 X € [0’ _} ) (33)
2n
1 3
Hn,m(x)<05 X € [_7 _} (34)
2n n
and
1 3
Hy ()< — — / P;,?(t) dt, x¢€ |:_» 1:| . (35)
A 0 n

Proof. By (32), (28) and (27) we have
Rp(x) 2

N .
R
__/ P™(1)dt < m (*)
1+4 A Jp 1+4b

Rn(1/n) 1 L <o 1
< = < J—
1+4b 1440 -7 S|P

which is (33). Now we prove (34). i € [1/(2n), 3/n], then (32), (28), (13) and (30) imply

5 x 5 1/(@n)
Hyo () = S 2 /O Prydr < RmB/m) 2 /o P™ (1) dt

Hn,m ()C) =

1+4h A 1+4 A
1+3b 20\"" 20" b
1730 16w (22) —1em(22) -2 o 36
“Tya T m(so) ’"(30) 1+4b - (36)

Finally, (15) and (30), fox € [3/n,1], yield
1 [ 1 n®
—_ m > - m<+1
" /0 Py (t)dt > 3 (5) (nx)

2m?
L L (L 1
p— > E— —_—
Z2.3"\5 o 2 "\" T,

> Ry (x).

This inequality and the definition d¥,, ,, provide (35). Lemma 5 is proved..J

Lemma 6. The rational function

1

* —
Rm(x) T 1+ (nx)n15+m
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is even and satisfies

R¥(x)<0, x€][0,1], (37)
0<R:()<1, xel01], (38)
1— R* (x) < (nx)" 0, = (39)
- m('x) X (nx) ) X € ’ E )
R,’;(x)é%, X € |:gl] (40)
(nx)m n
R¥ (x) < —— 0L (41)
— Ry (x)< o x €0, =
and
_ p# 5
Rp@) m> e [E, 1} . (42)
R* (x) X n

Proof. The inequalities (37)—(40) are evident. Then, the equalities
(m® + myn(nx)ym>+m-1

(1+ e’

—RY(x) =

and
—Ry(x) (m° + m)i’t(mc)"’5+’"_1
Ri(x) 14 (nxym>+m
respectively, imply (41) and (42). Lemma 6 is proved.

9

3. Main Lemma

Denote by
0 1, x}O,
X, =
+ 0, x<0O.
Put
2 [* R* (x)
Ry m = — T™(t)dt + Hy, L 43
=5 [T a2 (@3
and
1+ Ryy/m l,m(x)
Qn,m(x) = In/m]+ (44)

2 9
where[-] denotes the entire part. To prove Theorem 1 we need the following
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Main Lemma. For each evem: > Np and integem > m? we have
Qn m(x)>o X € [_17 1]1 (45)

Qn,m = Pn.m + qn,m

where
Pnm € Pn, dn.m € szﬁv (46)
—/m/4
|Qum(x) —x0] < eVmA S < xi<1, 47)
n
_ﬁ/4 i1 .
e J L
10um) =20 < S, I Z<ini<t, j=27 (48)
] n n
and
1Qnm(x) — 28] <2, |x|<1. (49)

Proof. By its definition (43),R,.,» is an odd function. Therefore to check (45) we have to
prove that

R, ,,(x)=>0, x€[0,1]. (50)

In accordance with (43) and (32),

R* RY

R}/’l,m = Tnm + H/ . m + Hn,m . 1+ b
T

A
2
A
+

14 b
Pm) RY 2 bT)" R

m
n,m *

1+5b

l+b+A l+b+

_2h 1-Ry)+ R . B

AL+ b) " 144 1407

where the last line is nonnegative ) 1] by (38) and (28). That is,
R}, (x)

1+b

2 b, R, (x)
- a4 Hnm )
+A T bT (x) + (x) - 140

Now we prove (50) separately on the intervals

1 1 2 2 3 3
L:=|0,—|, Dbhi=|—,—-|, I:=|—-,— and Ip:=|—-,1]1.
] - A b A o R P

If x € I, thenH, ,, < 1 by (33). Hence (51), (12), (38) and (37) imply

w0 = 2 (10 - pp) S

x € [0, 11. (51)

2 b Tm R*/
(x)/A~n (x) + R, (x).
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Therefore, (7), (4), (41) and (25) yield

, S 2 b 1 /sinnx\" n
Rn,m(x) = 6n’"—1 . 1+b . E X - W

b CA\"  n
> 7nm_1 (2}’1 SII’]E> — F

b
>n (? 2" —2_'”5) >0 xeli.

If x € I then the inequalityr), , (x) >0 readily follows from (51), (12), (38), (34) and
(37). If x € I3, thenH,, ,, (x) R} (x) >0 by (34) and (37). Hence (51) yields

R:x) 2 b
.- _m
b A Ty ™

bT)" (x) — Pl (x)R} (X)) .

R, (x) > —% Py (x) -
_ 2 (
T A(l+b)
Therefore (4), (18) and (40) imply

2 1 /nsin3\" m g 2m?m y 2m?
ot (o 3255

A(l+b) 2 3 (nx)m5

2n™ 1\" m™
> J— _—_— .
Z Ald+b) ((30) 2m52mz> =0 xels (52)
Finally, (51), (35)—(38) imply, for € I,
R’ (x) R (x)

2
R;,,m(x) P 2 P (x) - 14b + Hym(x) - 14D

2 . Ry) 1 % Ry()
A i B ALOLE v
_ Ry (—R:I{(X) *
A+ b) \ R ()

>M m—S/X P"(t)dt — 2P (x)
ZAad+b \x Jo Im m X))

where in the last line we used (42). Sinﬁé P (t)dt is a positive polynomial of degree

2m? + 1, nondecreasing o, 1], then applying Markov inequality for the intervidl, x|
we get

Pyl (t)dt — 2P,;’,’(x))

R* (x) m5 /x ) 5 1 /x
R, >—n | — Pl (t)dt — 2(2 1)°. = P (t)dt | =0.
So, (50) and hence (45) is proved. Then, (46) readily follows from (43), (44), (2), (32), (26),
(11) and the definition oR’ in Lemma 6.

Now we prove the estimates

(53)

e_\/m/z
O0<1—Rymx)<8b, xce€ 1

n
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and

5 3
O0<1—-Rymx) < ——, XE [—,1]. (54)
(nx)m— n

To this end we note that (43), (3), (34) and (38) imply
R, (D)
1+b

Rn,m(l) = 1+ Hn,m(l) <1

Therefore (50) yields
Rn,m(x) < Rn.m(l) <1, xe][01],

that is, the left-hand sides of (53) and (54) are verified. On the other hand, in accordance
with (43) and (32),

R REG) 2 (T
Run() = 70k T2 +Z/0 RO A

RYX)\ 2 [*

1--2—)— P (1) dr.

+ ( 1+0 ) A /0 m (1)

Hence (12) and (38) provide

Rm(x) R} (x) 2
. , X € .

1+4b 140>

Thus, taking into account (31), (39) and the monotonicityef,, we get

L (e—fm/z) (e—fmm)
Run(x) = R R
A4+ b)(1+ 4b) n n

2
2%(1—%><1—2_’”5>>1—8b,xe ¢ 1.
(14 b)(1+ 4b) 2 "

This implies (53). Then, far € [3/n, 1], using (6), (5), (32), (14) and (40), we obtain

Rp,m(x) 2

1 *
1 Ryn(o) = = / Tt = By () 2
< Am 1 +E/xpm(z)dz~—
= opm-1 (m—2xm=1 A Jg " (nx)m5
4m 1 m™m 5

< . < .
S m—2 (nx)m-1 * (nx)m®—2m?~1 = (nxym—1
So, (54) is proved as well. Note that (44), (53) and (54) lead to
me’\/’w2
0<1—-Qumx)<4b, xe|—.1 (55)

n

and

5mm—1 3m ]
0<1-0pmkx) < W, X € |:—, 1f. (56)
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SinceQ, m(—x) =1— Qn m(x), x € [0, 1], then (55) readily implies (47). Moreover, (55)
and the inequality

4 e 57
b < ——,
< G2 (57)
imply (48) for j = 1, 3m. By (56) we get, fox e [174 ﬁ] j=3m+1,n,
51 —Jm/4
0<1- Onm(x) < ” ¢ (58)

<
(-1t 2
This provides (48). Finally, the inequality (49) readily follows from (47), (48) and mono-
tonicity of Q,,,,. The Main Lemma is proved.]

4. Proof of Theorem 1

Without any loss of generality we assume th& a nondecreasing function ¢, 1],
and|| f'll, = 1. Givenn € N, let us consider the partition€ xg < x1 < -+ < x <1,
satisfying

1
fGivn) = flxi) = - 1=0k-1,

1
JQ) = flxw) < .

By Hdlder inequality we have

Xi+1 l/[? p—1 Xi+1 1
( / (f')? dx) (ia1— ) 7 > / flod==, i=0k—1,
Xi Xi

hence

My d ! fori =0 k—1
> ori =0,k —1.
/x,- (f' ()P dx POt — 2T i

This inequality and the assumptigif’|| ., = 1 imply

k-1 1
> — <n, (59)
= ((xiy1 —xi))P
whence
1 1
= <nppl, i=0k—1 (60)
n(xi+1 — X;)

Note that Holder inequality also implies

k
SO -f0O = I Ny <N, =1,
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whencek <n. Put
S(x) = f(xo) + = Z(x ).

Evidently S(x;) = f(x;), foralli =0,k — 1, hence

2
IS — flicroy<—.
n

Now, for each = 1, k — 1 set
m; == 2No + 16[In2.(n "t max{(xi11 — x) %, (4 — xi—1) D] (61)

and note that:; are evenm; > No,
1
e V™Mil% — n min {xi_,_l — Xi, Xi — Xi_1, —} , (62)
n
thus, (60) yields

m; <2No+ 16 I n7o1.

Givenp > 1 let N(p) be so that ifz > N(p), then
2
<2No +16 In? nl’%l> <n.

Taken > N(p) (if n<N(p), Theorem 1 is evident). Then> ml2 foralli =1,k—1,so0
we may use the Main Lemma for the rational functigns,,, defined by (44). Put

R(x) := f(x0) + = Z Qnm; (x —

Since eachQ,, », is a nondecreasing function, soRs For each fixed < [0, 1] we have
nlf(x) — R(x)| < nlf(kx)l— S| +nlS(x) — R(x)|
<24 ) 1 = x)Y = Qum; (x = x7))|
i=1
=2+ > e = xS = Qo (x = x7))|
il < L emvmi/A
+ > e = x) = Quum; (x — x7)]|

i-% e Vil < < 3

+Z > |<x—xi>i—Qn,m,-<x—xi)l

] 1

= <|x—xi| <
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<2+ > (= x)% = Qum; (x — x7)]

itx—x;| < 2 eVl

+ Z > jize—ﬁf/“, (63)

1
] <|x— x!l\n

where we used (47) and (48) in the lastinequality. By (62), wegety; 1| > n~le v™i/4,
whence there are at most two indidesatisfying|x — x;| < n~te=v™i/4 Therefore (49)
yields

> (=) = Quom; (x — x1)] < 4 (64)
ilx—x;| < % e Vmi/A
Thus, (62)—(64) provide

n

1 . 1
|f () = R < = +Z—2 > mm{(x,ﬂ—xi),;}. (65)

if—<|x x,\\ﬁ

Sincex; < xi1+1,i =0,k — 1, then

. 1 . 1
Z min {xi+1—x,-, ;} = Z min {xi+l—xi7 ;}

-1 j
<|x— x;\\,l i+ = <x <x+4

. 1
+ Z min {xi—&-l—xi, ;}
1

lx—— <x,<x—’T

j 1

2 2 4
<—+—-=-.
n n n
By (65) we get
6 1 1 13
If) = R@IS=+= > 45 <= (66)
n n =t J n
Finally, (46) and (59) imply
k—1 k—1 1 6
deg(R)< Tn+2 m<7n+4 (ZN +16In2 —>
9 ; ; 0 n(xi+1 — X;i)
k-1 1
<7n+4 ¢ 1+ <n(7+ 8c(p)),
; v )< (n(xl-+1—x,->)P1> (748D

wherec(p) is a constant such that
(2Ng + 16 Ini x)6<c(p)(1—|—xp_1), x> 0.

Combining (66) and the last inequality we obtain (1), which completes the proof of the
Theorem 1. [J
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